Abstract-A means of designing linear coupling controllers for multi-degree-of-freedom systems is developed and applied to a thin plate partially clamped on one edge and free on all other edges. The linear-coupling controller developed here is compared to other controllers. Both simulated and experimental results show that the design algorithm presented here provides control over a wider frequency range.
I. INTRODUCTION
T HE USE of distributed piezoelectric sensors and actuators for vibration control of beams, plates, and shells has been the focus of recent research [1] , [2] . The systems of interest frequently have analytically convenient boundary conditions, e.g., rectangular plates simply supported on all four edges or clamped on all four edges [3] , [4] , or cantilever beams. In practice, the structures of interest are not usually so ideal and a means of dealing with more arbitrary cases is worth pursuing.
Coupling control strategies have been studied [5] - [6] as a means of utilizing piezoelectric sensors and actuators for vibration control. These studies have demonstrated theoretically and experimentally that the linear coupling control (LCC) strategy is more effective than traditional control methods for the vibration control of a single-degree-of-freedom (DOF) system. However, when an LCC is added to the plant new poles and zeros are added to the plant/controller system and this coupled system has new resonant peaks in the vicinity of the original resonant frequency. Using one LCC for each mode of a distributed multi-DOF system [7] has been shown to be a potentially ineffective solution due to modal coupling [2] , [8] . An algorithm for designing more effective LCCs for distributed parameter system multimode vibration control follows. The resulting controller will be referred to as the OPT controller because it can be designed by solving an optimization problem. For purposes of example, the method is applied to a thin plate that is partially clamped on one edge. Fig. 1 shows a multi-DOF system controlled by LCCs, which are represented as equivalent stiffness, mass, and damping ele- ments , , and . The th coupling term between the controller and the plant is denoted by . The equations of the coupled system are (1) (2) where subscript refers to the controller, subscript refers to the plant, and ranges over for each of (1) and (2). Hence, is the response of the th controller, and are the damping ratios of the plant and controllers, and represent the natural frequencies of the plant and controllers, are positive controller gain constants, are the modal coordinates, is the th modal factor which is determined by the position of the actuator, and is the th external modal excitation force.
II. THEORETICAL BACKGROUND
Previous studies [6] , [7] have shown that for linearly coupled systems the energy exchange will be maximum when . Therefore, there are two parameters and to be determined for each mode in the controller design and a total of parameters to be determined for a system with modes.
A. Controller Design
By choosing the state vector for a controlled -DOF system to be (3) 1083-4435/04$20.00 © 2004 IEEE Equations (1) and (2) can be written as (4) or (5) where the forms of , , and can be found in the Appendix and are derived by Liu [8] . Since the system is time invariant, its response can be expressed as [9] (6) where is the impulse-response matrix and (7) Let and represent the eigenvalue matrix and eigenvector matrix of , i.e., where is the th eigenvalue of . Then, (6) becomes (8) where and for . In (8) , each mode may be solved separately and the total response of the closed loop system is the summation of the responses of each mode weighted by its mode shape.
The damping ratio of each mode, which corresponds to the real part of an eigenvalue of matrix , dominates the transient response of the mode. Both the controlled residual amplitude of forced vibration and the decay rate of the controlled transient responses are mainly determined by the maximum modal damping ratio. The peak overshoot also depends on the modal damping ratio and we conclude that minimizing the maximum real part of the eigenvalues can optimize the controller's transient performance. Other objective functions have been successfully used in the past [10] , [11] but, as will be seen, the one chosen here works very well. The best control transient performance is obtained by finding the values of and to minimize the maximum real part of the eigenvalues. An LCC can be designed by solving an optimization problem such that (9) where is an objective function and
The value of is determined either by the physical limitation of the actuators or by stability considerations.
The system represented by (4) is a linear time-invariant system, for which stability is ensured if all the eigenvalues of the system are located in the open left half complex plane. The stability condition of a system consisting of a second-order plant and a LCC can be examined by applying the RouthHurwitz Criterion [9] to the characteristic polynomial where (11) which leads to the result, that for the LCC, the system is asymptotically stable if (12) In general, is very small and the term in the left side is close to 0. For a mode with a high natural frequency , the stable region where may be considerable. Compared to the nonlinear controllers [6] , [7] , the LCCs are able to provide a larger stability region.
B. Relationship Between the Parameters and the Performance of LCCs
In this section, a fourth-order system is used as an example to numerically investigate the relationship between the parameters and the performance of LCCs. The natural frequencies and damping ratios of the example system are s , s , , and , respectively. To see the effect of the parameters on the performance of the LCCs, one parameter is varied at a time, and the eigenvalues of the closed system are calculated. Figs. 2-5 show a set of variations for the real parts of the first five eigenvalues with changes in the controller parameters.
In Figs. 2 and 3, the damping ratio and gain of the controller for the second mode are kept constant. Eigenvalues for which the real part is less than 15 are not shown in the figures. As discussed before, the transient characteristics of the closed system are dominated by the maximum real part of the eigenvalues and the minimum value of the maximum real part corresponds to the best control effect. For different damping ratios, the minimum value corresponds to different controller gains. Fig. 2 corresponds to the case where the damping ratio of the first mode controller is 0.45 (the controller gain appears on the abscissa of the figure) and the minimum maximum value occurs at . Alternatively, we see in Fig. 3 that the minimum maximum value occurs at when 0.75. With an increase of the controller gain, the second curve bifurcates into two branches indicating that from that point on there are two real eigenvalues; but they should not affect the control effect if they are not the maximum values. and but affects all of , , , and . As the first two eigenvalues and correspond to the first mode and its LCC, and and correspond to the second mode and its LCC, and indicate the energy consuming capacity (damping) of the LCCs for the first and second modes, respectively. The variations of and will show if there is any damping transferred from the first mode to the second. Fig. 6 shows the variations of the maximum real parts of the eigenvalues of the system as contours in the controller gain parameter plane. If the value is greater than 0, it is set to 0 because in those cases the system is unstable. The arrows indicate the direction of decreasing value of the real parts of the eigenvalues (i.e., for 0 to 4). The largest magnitude real parts of the eigenvalues occur in the upper left portion of the controller gain parameter plane, indicating that a large value of and a small (but not zero) value of gives the minimum maximum value. In the contour map, the outside curve in the upper right corner indicates the stability boundary of the closed system. The curve is almost a straight line.
III. SYSTEM MODELING-A THIN PLATE
To derive the equations governing the vibration and control of plate structures using piezoelectric actuators and LCCs it is assumed that the transverse bending oscillation dominates the plate motion, the in-plane twisting piezoelectric constant is insignificant, the piezoelectric actuator is much thinner than the plate, and that the piezoelectric element is perfectly bonded to the surfaces of the plate. Under these assumptions the effect of the piezoelectric actuator on the plate can be assumed to be equivalent to a linearly distributed moment along the edge of the piezoelectric patch. The equation for the plate with the distributed actuator can be written as [12] (13) where is the plate bending stiffness, is the Laplacian, is Young's modulus, is the volume mass density of the plate, is Poisson's ratio, is the damping coefficient, and is the thickness of the plate. and are distributed moments produced by the two PZT patches. Based on the modal expansion technique, the dynamic response can be assumed to be where is the mode shape of the th mode (from experiment or finite-element modeling) and is the modal coordinate. Substituting into (13) and simplifying yields
where and
The two integration terms on the right side of (14) are generalized modal forces produced by the two PZT patches. Assume the driving (excitation) voltage is and the control voltage is , where, is the output of the th controller, is the excitation frequency, and is a constant. The PZT patches cover the plate from to and to and from to and from to . Then, and can be defined as (15) where is a unit step function and is Young's modulus of the PZT patches, is the piezoelectric strain constant, and where is the thickness of a PZT patch. The feedback strain signal is measured at ( , in the direction and is fed into the controller after multiplication by a gain . The dynamic equation of a controller can be written as (16) Combining (1), (2), and (16) gives equations for the closed-loop system with controller equations of the form (17) and plant equations of the form (18) where , , and are constants given in [8] . Fig. 7 shows the experimental cm cm mm copper plate with the control diagram. The plate is partially clamped by a steel cuboid at its upper edge. The filter is a Butterworth 5-75 s bandpass filter designed for minimal phase shift (experimentally determined to be at most 9.5 ). The two pairs of PZT patches are attached, with their edges parallel to the edges of the plate, to form two actuators. The left pair are used to excite the plate and the right pair are used to eliminate the vibration. The signal generator produces a sweep sine signal from 5 s to 75 s with a sweep time of 600 s. A strain gauge is used to provide a feed back signal. The signal is fed into the bandpass filter to eliminate the dc and high-frequency noise and is then input to the controller.
IV. CONTROLLER DESIGN AND SIMULATION

A. Experimental Setup
B. Single Mode Vibration Control
Substituting the modal parameters of the first mode of the plate [13] into (9) and solving allows determination of the variation of the maximum real part of the eigenvalues versus the damping ratio and gain of the controller (Fig. 8) as a contour map where each curve corresponds to a constant value of the real part of the maximum eigenvalue . The numbers indicate the corresponding value of the maximum real part of the eigenvalues. Controllers whose damping ratio and gain are chosen from the same curve will have the same control ability. If , the closed system will be unstable, hence, the stability boundary is 0, which is almost a straight vertical line and is not affected by the damping ratio of the controller. From Fig. 8 , it may be deduced that the optimal values of damping ratio and gain for control of the first mode are 36 000 and 0.61. To show the capability of the OPT controller over a broad frequency range, the energy monitoring algorithm (EMA) controller [5] and the nonlinear controller [7] were used, for comparison purposes, to control the first vibration mode. Fig. 9 shows the frequency responses of the uncontrolled plate and of the plate when it is controlled by different controllers. The uncontrolled response of the forced vibration of the plant reaches a maximum of 0.45 when the excitation frequency is equal to its natural frequency. The dashed-dotted line is the frequency response of the plant when the EMA controller is used. This controller suppresses the vibration amplitude ratio from 0.45 to 0.0045 at the resonant frequency, but its performance worsens as the excitation frequency drifts from the resonant frequency. There are two resonant peaks with amplitudes of 0.17 and 0.14 appearing at 13.5 s and 16.5 s . Comparing this response with the uncontrolled response, it is seen that the EMA controller can only reduce the amplitude ratio 50% in the frequency range from 0 to 30 s . The dashed-double-dot line is the response with the nonlinear controller which has eliminated 85% of the vibration amplitude ratio at the resonant frequency, but is unable to suppress vibration outside a very narrow band around that frequency. For example, when the excitation frequency drifts to 15.5 s , the response of the plant becomes larger than it was without control. The nonlinear controller has lost its ability to control vibration, although the excitation frequency has only varied by 3.3%. In addition, this controller induces an unexpected subharmonic resonant vibration at 7.5 s . The solid line is the response of the plant controlled by the OPT controller. The maximum response occurs at 15.5 s and is only 6% of the maximum response of the plant without control. This controller is able to control vibration effectively over a broader frequency range.
C. Multimode Vibration Control
Substituting the modal parameters of the first two modes of the plate [8] and [13] into (9) , the optimal set of controller parameter values for the vibration control of the first two modes of the plate are found using a genetic algorithm The damping ratios and the gains of the controllers are 72 090, 690 000, 0.8227, and 0.3467. Substituting the parameters of the LCCs into (17) and (18), and integrating the equations numerically produces the time responses of the plant and the LCCs. Fig. 10 shows the comparison of the controlled and uncontrolled frequency responses of the plate. There are two Fig. 11 compares the experimental frequency responses of the uncontrolled plant, the plant controlled by the EMA controller, and the OPT controller. For the uncontrolled plant, resonant vibration occurs at 15 s and its amplitude is 0.18. The EMA controller produces two additional resonant peaks at 13.3 and 16.4 s . The frequencies do not agree well with those in the simulation results (refer to Fig. 9 ) since the piezoelectric actuators cannot supply the desired moments because of a finite charge tolerance. The peak values are 0.048 and 0.033. Although the controller is able to eliminate 95% of the vibration at 15 s (from 0.18 to 0.009), it can only remove 73% of the vibration in the frequency band from 10 s to 27 s . The OPT controller has almost the same control effect at 15 s and can suppress 90% of the vibration over the whole frequency band. Therefore, the linear coupling controller's performance has been improved significantly.
V. EXPERIMENTAL RESULTS
A. Single Mode Vibration Control
B. Multimode Vibration Control
In this test, the switch in Fig. 7 was turned on to activate the second controller. The sweep sine frequency was extended to 0-65 s to excite the second mode. The controller parameters were set at: 72 090, 690 000, 0.8227, and 0.3467. To investigate the control capacity of the LLCs, two tests were conducted: free vibration control and forced vibration control. Free response was obtained by applying an initial displacement at the free end of the plate. For the uncontrolled case, the vibration takes over 15 s to attenuate and when the LLCs were active, the oscillation disappeared after 5 s [8] .
Forced vibration was excited by applying an excitation voltage to the left piezoelectric actuator. When steady vibration was achieved, the two controllers were turned on simultaneously after 25 s of excitation. The oscillation was suppressed to 95% for the first mode and 85% for the second mode ( Fig. 12) . To see the control ability of the LCCs over a broad range frequency range, the frequency responses of the plate controlled and uncontrolled were measured. Compared with the uncontrolled response, the maximum response was suppressed 80% over a broad range from 5 s to 65 s [8] .
VI. SUMMARY
A linear coupling controller able to control vibration over a broad frequency range when applied to a distributed parameter system multimode vibration control problem has been presented. The controller design algorithm minimizes the maximum real part of the eigenvalues and has been applied to the vibration control of a plate. The performance of the controller was examined by simulation and experiment and it was shown that the controller has the ability to suppress vibration over a broad frequency range, and in that regard, is superior to the other controllers that were tested. The gain and damping ratio dominate the performance of the controller. The parameters of the controllers for higher modes affect the performance of the controllers for the lower modes. 
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